On Q*s - regular spaces and Q*s - normal spaces by Padma, P. & Udayakumar, S.
Journal of Progressive Research in Mathematics(JPRM) 
ISSN: 2395-0218 
 
Volume 1, Issue 1 available at www.scitecresearch.com/journals/index.php/jprm/index                                      7| 
 
SCITECH                                                                     Volume 1, Issue 1  
RESEARCH ORGANISATION|                                  January, 2015| 











Assistant professor, PRIST University, Thanjavur, INDIA   
 padmaprithivirajan@gmail.com  
2
Associate professor, A.V.V.M. Sri Pushpam college, Poondi , Thanjavur, INDIA 
 s.udayakumar@hotmal.com  
 
Abstract  
The notion of Q* - open sets in a topological space was introduced by Murugalingam and Lalitha [ 7 ]. We 
introduce the notion of Q*s - regular, Q*s - normal, s*Q* - normal and obtain some characterizations Q*s - 
regularity and Q*s – normality, s*Q* - normal.  
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1. Introduction :  
        In 1963, Levine introduced the concept of semi - open sets. Since then , a considerable number of papers 
discussing separation axioms, essentially by replacing open sets by semi-open sets, have appeared in the literature. 
For instance, Maheshwari and Prasad introduced semi-T0, semi-T1, semi-T2, s - normality and s - regularity as a 
generalization of T0, T1, T2, regularity and normality axioms respectively, and investigated their properties. The 
notion of semi-open sets was used by Maheshwari and Prasad to introduce pairwise semi-T0, pairwise semi-T1, 
pairwise semi-T2, pairwise s - regular and pairwise s-normal spaces. Moreover, s - normal (resp. semi normal ) 
spaces were introduced and studied by Maheshwari and Prasad [ 6 ] ( resp. Dorsett [ 3 ] ).  The concept of g - closed 
sets was also considered by Dunham and Levine in 1980. In 2002, Rao and Joseph introduced the concept of s*g - 
closed sets. The notion of Q* - open sets in a topological space was introduced by Murugalingam and Lalitha [ 7 ]. 
We introduce the notion of Q*s - regular, Q*s - normal and obtain some characterizations Q*s - regularity and    
Q*s - normality. 
2. Preliminaries : 
Definition 2.1 [ 13 ]: A space X is said to gs - regular if for every g - closed set F and a point  x  F, there exist 
disjoint semi-open sets U and V such that x  U and F  V. 
Definition 2.2: A space X is said to  - normal [ 6 ] ( resp. semi normal [ 3 ] ) if for any two disjoint closed sets A 
and B, there exist disjoint semi open sets U and V such that A  U and  B  V. 
Definition 2.3 [ 5 ]: A space X is said to s* - normal if for any two disjoint semi - closed sets A and B, there exist 
disjoint semi open sets U and V such that A  U and B  V. 
Definition 2.4 [ 12 ]: A space X is said to g  - normal if for any two disjoint  - closed sets A and B, there exist 
disjoint semi open sets U and V such that A  U and B  V. 
Definition 2.5 [ 7 ] - Let ( X ,  ) be a topological space . The set of all Q* - closed sets with X is a topology. It is 
denoted by . 
3. Q*s - regular spaces 
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Definition 3.1 : A space X is said to Q*s - regular if for every Q* - closed set F and a point x  F, there exist 
disjoint semi-open sets U and V such that x  U and F  V. 
Clearly, every Q*s - regular space is gs - regular but converse is not true. 
Example 3.1 : Let X = { a , b , c },  = {  , X , { a }, { b } , { a , b } }  
SO ( X ,  ) = {  , X , { a }  , { b } , { b , c } ,{a, c}, {a , b} } and   = {  , X , { a , b } }.Then the space X is  
Q*s - regular . 
Example 3.2 : Let X = { a , b , c } ,  = {  , X , { c } , { a , c } } . SO ( X ,  ) = {  , X , { b , c } , { a , c } , { c }. 
 ( X ,  ) = {  , X , { b } { a , b }, { b , c } } . Hence the space is gs - regular but not Q*s - regular. Here   { b , c 
} is not Q* closed.    
Theorem 3.1 :  For a space X , the following are equivalent: 
a) X is Q*s - regular.  
b) For each x  X and every Q* - open set U containing x , there exists a semi - open set G such that x  G  
scl G  U. 
c) For every Q* - closed set F, the intersection of all semi - closed semi neighborhoods of F is exactly F. 
d) For every set A and a Q* - open set B such that A  B   , there exists a semi open set G such that          
A  G   and scl G  B. 
e) For every non empty set A and any Q* - closed set B satisfying A  B =  , there exist disjoint semi - open 
sets G and M such that A  G   , and B  M. 
Proof : 
         (a) → (b) : Let x  U and U is Q* - open in X. Therefore, x  X – U and X – U is Q* - closed in X . Since X 
is Q*S - regular , there exist disjoint semi - open sets G and H such that x  G and X – U  H . Now G  X – H  
U. Since H is semi - open , therefore scl ( X – H ) = X – H. Hence x  G  scl G  U.  
         (b) → (c) : Let F be a Q* - closed subset of X and x  F. Then X – F is a Q* - open set containing x. 
Therefore, by ( b ) there exists a semi - open set G such that x  G  scl G  X – F. Hence, F  X – scl G  X – G 
and x  X – G. Thus X – G is a semi - closed semi - neighborhood of F which does not contain x. Hence, the 
intersection of all semi - closed semi - neighborhoods of F is exactly F. 
            (c) → (d) : Let A be a non empty subset of X and B be a Q* - open set such that A  B  . Let x  A  B. 
Then X – B is a Q* - closed such that x  X – B. Therefore, by (c), there exists a semi - closed semi - neighborhood 
of X – B, say V, such that x  V. Thus for the semi - closed set V, there exists a semi - open set U such that X – B 
 U  V. Take G = X – V. Then G is a semi - open set containing x. Also A  G   . Now, scl G = scl ( X – V )  
X – U  B. Hence scl G  B. 
             (d) → (e) : Let A  B =  , where A is non empty and B is a Q* - closed , then A  X – B   , where X – 
B is a Q* - open set. Therefore by ( d ), there exists a semi open set G such that A  G   , and G  scl G  X – B. 
Now, put M = X – scl G. Then B  M and G and M are semi - open sets such that G  M = . 
             (e) → (a) : Let F be a Q* - closed subset of X and x  F. Then { x } and F are disjoint. 
Therefore by ( e ), there exist disjoint semi - open sets G and M such that { x }  G  , and F  M . Thus x  G 
and F  M . Hence X is Q*s - regular. 
Definition 3.2 : A space X is said to Q*- symmetric if { x } is Q* - closed for each x  X. 
Theorem 3.2 : Every Q*s - regular Q*- symmetric space is semi - T2. 
Proof : Let x, y be any two distinct points of X. Since X is Q* - symmetric implies { x } is Q* - closed. Also          
y { x } . Since X is Q*s - regular, there exist semi - open sets U and V such that   x  V, y  U and U  V = . 
Hence X is semi - T2. 
Theorem 3.3 : Let f : X  Y is a homeomorphism . Then X is Q*s - regular if and only if Y is Q*s - regular. 
Proof : Let Y be Q*s - regular and let G be any Q* - closed set in X such that x G . Then y  f ( G ), where                
f ( G ) is a Q* - closed set in Y. By Q*s - regularity, there exist disjoint semi-open sets U and V in Y such that               
y  U and f  ( G )  V, which implies that x  f 
– 1
 ( U ) and G  f 
– 1
 ( V ). In addition, f 
– 1
 ( U ) and f 
– 1
 ( V ) are 
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semi - open sets , since f is homeomorphism implies f is semi - homeomorphism implies f is irresolute. Hence X is 
Q*s - regular. Also f 
– 1
 ( U )   f 
– 1
 ( V ) = . Hence, X is Q*s - regular. 
Conversely, Let X be Q*s - regular. Let F be any Q* - closed subset in Y such that y  F. Then x  f 
– 1
 ( F ) , 
where y = f ( x ) and f 
– 1
 ( F ) is Q* - closed , since f is homeomorphism. By Q*s -regularity, there exist disjoint 
semi - open sets U and V such that x  U, f 
– 1
 ( F )  V. Hence,  y  f (U) and F  f ( V ). However, f ( U ) and           
f ( V ) are semi - open sets; since f is homeomorphism implies f is semi homeomorphism, implies f is pre-semi 
open. Also f ( U )  f ( V ) = . Hence, Y is Q*s - regular. 
4. Q*S - normal spaces 
          By replacing g closed sets by Q *- closed sets in gs – normality due to sharma [ shar ], we introduce a new 
concept of Q*s - normality. 
Definition 4.1: A space X is said to Q *- normal if for any two disjoint Q*- closed sets A and B, there exist 
disjoint Q*- open sets U and V such that A  U and B  V. 
Definition 4.2 : A space X is said to Q*S - normal if for any two disjoint Q*- closed sets A and B, there exist 
disjoint semi - open sets U and V such that A  U and B  V. 
Example 4.1: Let X = { a , b , c },  = {  , X , { a } , { a , c } , { a  , b } }  
SO ( X ,  ) =  = {  , X , { a }, { a , c } , { a  , b } } . Then the space X is Q*s - normal. 
Example 4.2: Let X = { a , b , c },  = {  , X , { a , c } , { b , c } } . SO ( X ,  ) = {  , X , { a , c } , { b , c } } . 
Hence the space X is Q*S - normal . 
Definition 4.3: A space X is said to be S*Q* - normal if for every pair of disjoint semi closed sets A & B in X , 
there exists disjoint Q* open sets U & V such that A  U and B  V . 
Definition 4.4 : (i) A space ( X ,  ) is called weakly Q* - normal if disjoint Q* - closed sets can be separated by 
disjoint closed sets. 
                 (ii) A function f : ( X , )   ( Y ,  ) is said to be always Q* - closed if the image of each Q* - closed set 
in ( X ,    ) is Q* - closed in ( Y ,  ) . 
Example 4.3: In example 3.2 , X is S*Q* - normal .   
Theorem 4.1: For a space X the following are equivalent: 
a) X is Q*S - normal. 
b) For each Q*closed set F and a Q* - open set K containing F, there exists a semi open  
     set U such that F  U  scl U  K. 
            c) For every Q* closed set A and a Q* closed set B disjoint from A, there exists a semi –  
                 open set U containing A such that scl U  B =  . 
Proof :  
           a) → b) : Let X be Q*s - normal and let K be a Q* - open set containing a Q* - closed set F. Then F and                 
X – K are disjoint Q* - closed sets. So by (a), there exists a semi-open set U and a semi-open set V such that F  U,        
X – K  V and U  V =  . Thus U  X – V, which implies that scl U  X – V. Hence, F  U  scl U  K. 
           b) → c) :  Let A and B are Q* - closed subsets of X such that A  B =  , which implies A  X – B , a                     
Q* - open set. So by (b) , there exists a semi-open set U such that A  U  scl U  X – B. Hence, scl U  B =  . 
           c) → a) : Let A and B be disjoint Q* - closed sets. Then, by (c), there is a semi - open set U such that A  U 
and scl U  B =  . Now scl U is semi-closed. Hence, B  X – scl U, let V = X – scl U. Then V is a semi-open set 
such that B  V and U  V =  . Hence, X is Q* s - normal. 
Theorem 4.2 : For a space X the following are equivalent: 
a) X is S*Q* - normal. 
b) For each semi - closed set F and a semi - open set K containing F, there exists a  Q* -  open set U such that 
F  U   - cl ( U )  K. 
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c) For every semi - closed set A and a semi closed set B disjoint from A, there exists a Q*- open set U 
containing A such that  - cl ( U  )  B =  . 
Proof :  
            a) → b) : Let X be S*Q* - normal and let K be a semi - open set containing a semi - closed set F. Then F 
and X – K are disjoint semi - closed sets. So by (a), there exists a Q* - open set U and a Q* - open set V such that F 
 U, X – K  V and U  V = . Thus U  X – V, which implies that  - cl ( U )  X – V . Hence,                                  
F  U   - cl ( U )  K . 
           b) → c) : Let A and B are semi - closed subsets of X such that A  B =  , which implies A  X – B , a semi 
- open set. So by (b), there exists a Q* - open set U such that A  U   - cl ( U )  X – B. Hence,                                 
 - cl ( U  )  B = . 
            c) → a) : Let A and B be disjoint semi - closed sets . Then , by c) , there is a Q* - open set U such that                   
A  U and  - cl ( U )  B =  . Now  - cl ( U ) is Q* - closed. Hence, B  X –  - cl ( U ), let                                    
V = X –  - cl ( U ) . Then V is a Q* - open set such that B  V and  U  V =  . Hence, X is S*Q* - normal. 
Theorem 4.3 : Every Q* s - normal Q* - symmetric space X is Q*s - regular. 
Proof: Let F be a Q* - closed subset of X with x  F. Since X is Q* - symmetric so{ x }is Q* - closed. So { x } 
and F are disjoint Q* - closed sets in X. Since X is Q*S - normal , there exist disjoint semi - open sets U and V such 
that { x }  U, F  V. Hence X is Q*S - regular. 
Theorem 4.4 : Every Q*- normal Q* - symmetric space X is Q* - regular. 
Proof: Let F be a Q* - closed subset of X with x  F. Since X is Q* - symmetric so{ x }is Q* - closed. So { x } 
and F are disjoint Q* - closed sets in X. Since X is Q*- normal , there exist disjoint Q* - open sets U and V such 
that { x }  U, F  V. Hence X is Q*- regular. 
Theorem 4.3 : Let f : X  Y is a homeomorphism. Then X is Q*S - normal if and only if Y is Q*S -  normal. 
Proof : Let Y be Q*s - normal. Let A and B be two disjoint Q* - closed sets in X. Then f ( A ) and f ( B ) are                  
Q*- closed sets in Y. Since Y is Q*s - normal , there exist disjoint semi - open sets U and V in Y such that                         
f ( A )  U , f ( B )  V. Hence, A  f 
– 1
 ( U ) , B  f 
– 1 
( V ) , and f 
–1 
( U )  f 
– 1 
( V ) =  as U  V =  . 
Moreover, f 
–1
 ( U ) and f 
–1
 ( V ) are semi - open sets; since f is homeomorphism implies f is semi homeomorphism 
implies f is an irresolute map. Hence X is Q*s - normal. 
Conversely, Let X is Q*s - normal . Let A and B be two disjoint Q* - closed sets in Y. Then f 
–1
 ( A ) and f 
–1
 ( B ) 
are Q* - closed sets in X . Since X is Q*s - normal , there exist disjoint semi-open sets U and V in X such that              
f 
–1
 ( A )  U, f 
–1
 ( B )  V. Hence A  f ( U ) , B  f ( V ) , and f ( U )  f ( V ) =  as U  V =  . However ,                 
f ( U ) and f ( V ) are semi - open sets ; since f is homeomorphism implies f is semi-homeomorphism implies f is pre 
- semi open. Hence, Y is Q*s -normal. 
5. Comparison  
Remark 5.1 : We summarize  the relationship between various special types of normal spaces in the following 
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             S*Q* - normal 
  
 
   S* - normal   Q* - normal   S - normal 
                                                                                                                              Semi normal 
        
     Q*s - normal                    Normal  
Theorem 5.1 : Every Q*S - normal space is S - normal. 
Proof : Let X be a Q*s - normal space . To show that X is S - normal . Let A and B be two disjoint Q* closed sets. 
Since X is Q*s - normal, there exists disjoint semi - open sets U and V such that A  U and B  V. Since every Q* 
closed set is closed we have A and B are closed sets. Hence X is s - normal. 
Remark 5.2 : Converse of the above theorem need not be true in general. 
Example  5.2 : Let X = { a , b , c },  = {  , X , { a } , { b } , { a  , b } } . 
SO ( X ,  ) = {  , X , { a }, { b } , { a , c } , { a  , b } , { b , c } } . Here { b , c } is closed but not Q* - closed . 
Hence the space X is S - normal but not Q*S - normal. 
Theorem 5.2 :  Every S*Q* - normal space is Semi - normal. 
Proof : Let X be a S*Q* - normal space . To show that X is S - normal . Let A and B be two disjoint semi - closed 
sets . Since X is S*Q* - normal, there exists disjoint Q* - open sets U and V such that A  U and B  V. Since 
every Q* - open set is semi - open, there exists disjoint semi - open sets U and V such that A  U and B  V. 
Hence X is semi - normal. 
Remark 5.3 : But the converse of the above theorem need not be true in general. 
Example 5.3 : In example 5.2 , { b } is semi open but not Q* - open . Hence  the space X is semi normal but not 
Q*s normal. 
Theorem 5.3 :  Every Q* - normal space is Q*s - normal. 
Proof : Let X be a Q* - normal space . To show that X is Q*s - normal . Let A and B be two disjoint Q* - closed 
sets . Since X is pairwise Q* - normal , there exists disjoint Q* - open sets U and V such that A  U and B  V. 
Since every Q* - open set is semi - open , there exists disjoint semi - open sets U and V such that A  U and B  V. 
Hence X is Q*s - normal . 
Remark 5.4 : But the converse of the above theorem need not be true in general. 
Theorem 5.4 : Every Q*s - normal space is gs - normal. 
Proof : Let X be a Q*s - normal space . To show that X is gs - normal . Let A and B be two disjoint Q* closed sets . 
Since X is Q*s - normal , there exists disjoint semi - open sets U and V such that A  U and B  V. Since every Q* 
closed set is g - closed we have A and B are g - closed sets . Hence X is gs - normal. 
Remark 5.5 : Converse of the above theorem need not be true in general. 
Example 5.4 : In example 3.2 , { b, c } is g closed but not Q* closed . Hence the space X is gs normal but not Q*s 
normal. 
Conclusion : 
        The notion of Q*s - regular , Q*s - normal , s*Q* - normal in topological space has been generalized and 
obtain some characterizations Q*s - regularity and Q*s – normality , s*Q* - normal . These notions can be applied 
for investigating many other properties.  
References 
[ 1 ] Levine, N, Generalized closed sets in topology, Rend. Circ. Mat. Palermo, 19 (2) (1970), 89–96. 
[ 2 ] Dunham, W and Levine , Kyungpook Math. J., 20 (1980 ) , 169. 
[ 3 ] Dorsett , C , Kyungpook Math. J., 25 (1985 ) , 173 . 
Journal of Progressive Research in Mathematics(JPRM) 
ISSN: 2395-0218 
 
Volume 1, Issue 1 available at www.scitecresearch.com/journals/index.php/jprm/index                                      12| 
[ 4 ] Iyappan , D “ A Study On A Weaker Form Of A B-Closed Sets And Its Compactness In Topological 
Spaces “ , Anna University , Chennai - 600 025 , October 2013. 
[ 5 ] Khan , M ,Noiri , and Hussain , M , “ On s*g closed sets and s* normal spaces “ , PK ISSN 0022 - 2941 ; 
CODEN JNSMAC , Vol.48 , N0. 1& 2 ( April & October 2008 ) pp 31- 41. 
[ 6 ] Maheswari , S , N , and Prasad R , Bull. Math. Soc. Sci. Math. R.S.Roumanie ( N.S.) , 22 (70) ( 1978) 27 . 
[ 7 ] M. Murugalingam and N. Laliltha, “ Q star sets “ , Bulletin of pure and applied Sciences , Volume 29E 
Issue 2 ( 2010 ) p. 369 - 376. 
[ 8 ] M. Murugalingam and N. Laliltha , “ Q* sets in various spaces “ , Bulletin of pure and applied Sciences , 
Volume 3E Issue 2 ( 2011 ) p. 267 - 277. 
[ 9 ] P . Padma and S . Udayakumar ,” Pairwise Q* separation axioms in bitopological spaces “ International 
Journal of Mathematical Achieve – 3 ( 12 ) , 2012 , 4959 - 4971. 
[ 10 ] P.Padma and S .Udayakumar , “ τ 1 τ 2 - Q* continuous maps in bitopological spaces “ Asian Journal of 
Current Engineering and Mathematics , 1 : 4 Jul  - Aug ( 2012 ) , 227 - 229 . 
[ 11 ] Rao , K , C and Joseph ,K , Bull. Pure Apll. Sci., (19)(E)(2)(2002) 281. 
[ 12 ] V. K. Sharma : A study of some separation and covering axioms in topological and bitopological spaces. 
Ph. D. Thesis , Meerut Univ. Dec.1990. 
[ 13 ] Yogesh kumar , “ Separation And Covering Axioms In Bitopological Spaces “ , Chaudhary Charan Singh 
University, Meerut, (India ) , November 2009.   
Authors' Biography 
Ms. P. Padma is currently working as a Assistant Professor of Mathematics in PRIST 
University, Thanjavur, INDIA. She has an M.Sc., and M.Phil degrees in Mathematics and is 
currently pursuing Ph.D from Bharathidasan University, Trichy. She has published 18 
papers in national and international Journals. She has authored 2 E - books and 1 book . 
About 25 M.Phil candidates were guided by P.Padma. She has an editorial / Advisory 
member of Research Journal of Pure Algebra. She has a member of Allahabad Mathematical 
Society, Ramanujan Mathematical Society and the association mathematics teachers of 
India . She received special mention young faculty award by Education Expo tv, Delhi.   
  
Dr. S. Udayakumar, with 32 years of rich collegiate experience, is serving in the 
philanthropic and prestigious institution, A.V.V.M. Sri Pushpam College, Poondi, Thanjavur 
Dt. His areas of interests are Queuing Theory and Fuzzy Logic and its Applications. He is 
dedicated both to academic and administrative side of work. He serves as Internal Quality 
Assurance Cell Co ordinator for nearly a decade and his contributions are commendable. He 
has published quite a number of papers to his credit. He is a Research Advisor – guiding 
both M. Phil. & Ph. D. Scholars. 
 
